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We update the constraints on the power spectra of primordial curvature perturbation and tensor
perturbation including Planck data 2015 (P15) and recently released BICEP2/Keck data (BK15),
Baryon Acoustic Oscillation data and the Type Ia supernovae data. We find that the upper limits
of tensor-to-scalar ratio are 0.061, 0.064 and 0.072 at 95% confidence level (CL) in the ΛCDM+r,
ΛCDM+r+αs and ΛCDM+r+αs+βs models respectively, where αs and βs are the running of scalar
spectral index and running of running. The inflation model with a concave potential is favored at
more than 95% CL. In addition, parametrizing the slow-roll parameter  ∼ 1/Np, where N is the e-
folding number before the end of inflation and taken in the range of [50, 60] and [14, 75] respectively,
we conclude that the inflation model with a monomial potential V (φ) ∼ φn is disfavored at more
than 95% CL, and both the Starobinsky inflation model and brane inflation model are still consistent
with the data.
I. INTRODUCTION
Inflation [1–4] is proposed to be the elegant paradigm
for the very early universe. Not only can it easily solve
all of the puzzles, such as the flatness problem, horizon
problem and so on, in the hot big bang model, but also
provides primordial density perturbation for seeding the
temperature anisotropies in the cosmic microwave back-
ground (CMB) and formation of the large-scale structure
in our Universe. Furthermore, as the fundamental degree
of freedom of gravity, gravitational waves are also excited
during inflation and finally leave a fingerprint (B-mode
polarization) in CMB. Even though BICEP2 collabora-
tion detected the excess of B-mode power over the base
lensed-ΛCDM expectation [5] in the early of 2014, such
a signal is finally explained by the thermal dust, not the
primordial gravitational waves and can be explained by
the polarized thermal dust, not the primordial gravita-
tional waves in [6] which was confirmed by a joint analysis
of B-mode polarization data of BICEP2/Keck Array and
Planck (BKP) in [7].
Since inflation happened in the very early universe, we
can learn it from the measurement of cosmic structure, in
particular from the CMB temperature anisotropies and
polarizations including Planck satellite [8–10], BICEP2
and Keck observations through 2015 reason [11]. In or-
der to achieve a better constraint on the power spectra
of primordial curvature perturbation and tensor pertur-
bation, we also consider to use Baryon Acoustic Oscilla-
tion (BAO) data, including 6dFGS [12], MGS [13], BOSS
DR11 Lyα [14], BOSS DR12 with nine anisotropic mea-
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surements [15] and eBOSS DR14 [16], and Type Ia su-
pernovae data (JLA) [17] to constrain the low redshift
expansion history of the Universe.
In this paper we will revisit the previous results in [18–
20] and adopt the Planck data (P15), BICEP2/Keck data
2015 season (BK15), BAO and JLA datasets to constrain
the power spectra of primordial curvature perturbation
and tensor perturbation, and then give the latest con-
straints on the inflation models. Our paper will be or-
ganized as follows. In Sec. II, we parametrize the power
spectra of primordial curvature perturbation and tensor
perturbation, and compare the constraints on the cosmo-
logical parameters in different cosmological models. In
Sec. III, we figure out the latest constraints on the infla-
tion models. The summary and discussion are included
in Sec. IV.
II. CONSTRAINS ON THE SPECTRAL
RUNNING
In this section the power spectra of the primordial cur-
vature perturbation and tensor perturbation are param-
eterized by
Ps(k) = As
(
k
k∗
)ns−1+ 12αs ln(k/k∗)+ 16βs(ln(k/k∗))2+...
,(1)
Pt(k) = At
(
k
k∗
)nt+...
, (2)
where k∗ is the pivot scale which is set as k∗ = 0.002
Mpc−1 in this paper, As and At are the amplitudes of
the power spectra of curvature perturbation and tensor
perturbation at the pivot scale, αs ≡ dns/d ln k is the
running of scalar spectral index, βs ≡ d2ns/d ln k2 is the
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FIG. 1: The marginalized contour plots and likelihood distri-
butions for parameters r and ns at 68% CL and 95% CL from
Planck15+BK15+BAO+JLA datasets.
running of running of scalar spectral index, and nt is the
tensor spectral index. In literature, the tensor-to-scalar
ratio r is used to quantify the tensor amplitude compared
to the scalar amplitude at the pivot scale, namely
r ≡ At
As
. (3)
For the canonical single-field slow-roll inflation model, nt
is not a free parameter, and is related to r by nt = −r/8
which is also called consistency relation [21, 22].
In this paper we adopt publicly available codes Cos-
momc [23] to globally fit the parameters including the
other parameters in the standard ΛCDM model: the
baryon density parameter Ωbh
2, the cold dark matter
density Ωch
2, the angular size of the horizon at the last
scattering surface θMC, the optical depth τ . Our results
are summarized in Tab. I.
In the ΛCDM+r model, the constraints on r and
ns from from Planck15+BK15+BAO+JLA datasets are
given by
r < 0.061 (95% CL), (4)
ns = 0.9680± 0.0034 (68% CL). (5)
The marginalized contour plots about r and ns is showed
in Fig. 1. It indicates that the power spectrum of curva-
ture perturbation deviates from the exact scale-invariant
power spectrum at more than 9σ CL.
In the ΛCDM+r+αs model, the scalar spectral index
is running and the constraints on r, ns and αs from
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FIG. 2: The marginalized contour plots and likelihood distri-
butions for parameters r, ns and αs at 68% CL and 95% CL
from Planck15+BK15+BAO+JLA datasets.
Planck15+BK15+BAO+JLA are
r < 0.064 (95% CL), (6)
ns = 0.9748
+0.0211
−0.0214 (68% CL), (7)
αs = −0.0022+0.0069−0.0068 (68% CL). (8)
See Fig. 2 for the the marginalized contour plots and
likelihood distributions for parameters r, ns and αs. A
scalar spectral index without running is consistent with
the data quite well.
Finally, we extend the former discussion to the
model with running of running of scalar spectral in-
dex, and the constraints on r, ns, αs and βs from
Planck15+BK15+BAO+JLA become
r < 0.072 (95% CL), (9)
ns = 1.0193
+0.0442
−0.0440 (68% CL), (10)
αs = −0.0401+0.0343−0.0338 (68% CL), (11)
βs = 0.0145
+0.0127
−0.0131 (68% CL). (12)
See the marginalized contour plots for these parameters
in Fig. 3. In this model, the constraint on the tensor-
to-scalar ratio is slightly relaxed to be r < 0.072 at 2σ
CL.
III. CONSTRAINS ON THE INFLATION
MODELS
In this section, we will use the observational data
to constrain the canonical single-field slow-roll inflation
3Parameters ΛCDM+r ΛCDM+r+αs ΛCDM+r+αs+βs
Ωbh
2 0.02233± 0.00013 0.02234± 0.00014 0.02229± 0.00014
Ωch
2 0.1182± 0.0007 0.1182± 0.0007 0.1183± 0.0007
100θMC 1.0410± 0.0003 1.0410± 0.0003 1.0410± 0.0003
τ 0.062± 0.008 0.062± 0.008 0.063± 0.007
ln
(
1010As
)
3.159± 0.017 3.149± 0.034 3.123± 0.040
ns 0.9680± 0.0034 0.9748+0.0211−0.0214 1.0193+0.0442−0.0440
r0.002 (95% CL) < 0.061 < 0.064 < 0.072
αs ... −0.0022+0.0069−0.0068 −0.0401+0.0343−0.0338
βs ... ... 0.0145
+0.0127
−0.0131
TABLE I: The 68% limits on the cosmological parameters in the ΛCDM+r model, the ΛCDM+r+αs model and the ΛCDM+r+
αs + βs model from the data combinations of Planck15+BK15+BAO+JLA.
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FIG. 3: The marginalized contour plots and likelihood dis-
tributions for parameters r, ns, αs and βs at 68% CL and
95% CL from Planck15+BK15+BAO+JLA datasets.
model whose dynamics is govern by
H2 =
1
3M2p
[
1
2
φ˙2 + V (φ)
]
, (13)
φ¨+ 3Hφ˙+ V ′(φ) = 0, (14)
where Mp = 1/
√
8piG is the reduced Planck energy scale,
and the dot and prime denote the derivatives with respec-
tive to the cosmic time t and the inflation field φ respec-
tively. The inflaton field slowly rolls down its potential if
 1 and |η|  1, where the slow-roll parameters  and
η are defined by
 =
M2p
2
(
V ′ (φ)
V (φ)
)2
, (15)
η = M2p
V ′′ (φ)
V (φ)
. (16)
And then the tensor-to-scalar ratio r and the scalar spec-
tral index read
r = 16, (17)
ns = 1− 6+ 2η. (18)
A. Inflation model selection
In this subsection we will compare the contour plot
of r − ns constrained by cosmological datasets with the
predictions of some simple inflation models. Our main
results are showed in Fig. 4 in which the inflation model
with a concave potential is preferred at more than 95%
CL. The detail will be explained in the following part of
this subsection.
The inflation model with a monomial potential V (φ) ∼
φn [24] is the simplest inflation models. The predictions
of this model are given by
r =
14n
N
, (19)
ns = 1− n+ 2
2N
. (20)
Here N is the number of e-folds before the end of in-
flation, and n is not necessarily an integer. For exam-
ple, axion monodromy in string theory was supposed to
realize V (φ) ∼ φn with n = 2/5, 2/3 in [25], n = 1
in [26], and the models with higher power in [27, 28].
For N ∈ [50, 60], the predictions of inflation model with
V (φ) ∼ φn are illustrated in the region between the grey
dashed line and the black dashed line in Fig. 4 which
indicates that class of inflation models are marginally
disfavored at 95% CL.
The natural inflation model [29, 30] is govern
by the effective one-dimensional potential V (φ) =
m2f2 (1 + cos(φ/f)) where f is the decay constant and
m is the mass around local minimum. The tensor-to-
scalar ratio and the scalar spectral index for the natural
4FIG. 4: The marginalized contour plot for parameters ns and
r at 68% CL and 95% CL from Planck15+BK15+BAO+JLA
datasets. The red region represents natural inflation; The
cyan line represents SBS inflation; The yellow line represents
Starobinsky inflation; The green line, the orange line and the
magenta line represents φ2, φ and φ2/3 inflation model.
inflation takes the form
r =
8
(f/Mp)2
1 + cos θN
1− cos θN , (21)
ns = 1− 1
(f/Mp)2
3 + cos θN
1− cos θN , (22)
where
cos
θN
2
= exp
(
− N
2(f/Mp)2
)
. (23)
For 50 < N < 60, the different decay constant corre-
sponds to different predictions. See the red shaded region
in Fig. 4 which implies that the natural inflation model
is strongly disfavored at more than 95% CL.
The spontaneously broken SUSY (SBS) inflation
model [31] is proposed to be dominated by the poten-
tial V (φ) = V0
(
1 + c ln φQ
)
, where V0 is dominant and
c << 1. The tensor-to-scalar ratio and the scalar spectral
index predicted by this inflation model are
r ' 0, (24)
ns = 1− 1
N
. (25)
This model is also disfavored at more than 95% CL.
Starobinsky inflation model [1] is supposed to be driven
by a higher Ricci scalar term in the action, namely S =
M2p
2
∫
d4x
√−g
(
R+ R
2
6M2
)
, where M denotes an energy
scale. The tensor-to-scalar ratio and the scalar spectral
index in Starobinsky inflation model are
r ' 12
N2
, (26)
ns = 1− 2
N
, (27)
in [32, 33]. Even though this inflation model can fit the
data, why the terms with higher powers of Ricci scalar
R are all suppressed [34] is still an open question.
B. Constraint on typical inflation model
Because the reheating after the end of inflation is not
clear, the exact predictions of inflation models are still
unknown due to the uncertainty of the exact number of
e-folds before the end of inflation corresponding to the
pivot scale k∗. In order to solve this problem, similar to
[18, 19], we can parameterize the slow-roll parameter 
as a function of the e-folding number N before the end of
inflation, namely
 =
c/2
(N + ∆N)
p , (28)
where c and p are two constant parameters, and
∆N =
( c
2
)1/p
. (29)
And then the tensor-to-scalar ratio and the scalar spec-
tral index take the form
r =
8c
(N + ∆N)
p , (30)
ns = 1− c
(N + ∆N)
p −
p
N + ∆N
. (31)
This parameterization can cover many well-known in-
flation models. For example, p = 1 and c = n/2 for
V (φ) ∼ φn, p = 2 and c = 3/2 for the Starobin-
sky inflation model, and p = 2(d − 1)/d and c ' 0
for the brane inflation model [35, 36] with potential
V (φ) = V0(1− (µ/φ)d−2).
In this subsection, the tensor-to-scalar ratio and the
scalar spectral index can be replaced by parameters N , p
and c which are all taken as free parameters. Usually the
range of N is taken as N ∈ [50, 60], and the constraints
on p and c read
p = 1.92± 0.27 (68% CL), (32)
c < 33.1 (95% CL). (33)
Here we also consider a more conservative estimation,
namely N ∈ [14, 75] in [37], and hence the constraints
are slightly relaxed to be
p = 2.29+0.32−0.25 (68% CL), (34)
c < 50.2 (68% CL). (35)
In both cases, the models with p = 1 corresponding to
V (φ) ∼ φn are disfavored at more than 95% CL, but the
Starobinsky inflation model and brane inflation model
can fit the data quite well. See the results in Fig. 5.
5FIG. 5: The marginalized contour plots for parameter p and
c at 68% CL and 95% CL from Planck15+BK15+BAO+JLA
datasets. The blue and red regions correspond to N ∈ [50, 60]
and N ∈ [14, 75] condition, respectively.
IV. SUMMARY AND DISCUSSION
In this paper we revisit the constraints on the infla-
tion models by adopting the latest datasets, in particular
the BICEP2/Keck CMB polarization data up to and in-
cluding the 2015 observing season which yields the most
stringent constraint on the tensor-to-scalar ratio up to
now. On the other hand, in order to break the degen-
eracies among some cosmological parameters, we also in-
clude the datasets of Baryon Acoustic Oscillation and the
Type Ia supernovae measurements. We find that both
the inflation model with monomial potential and natural
inflation model are disfavored, and the inflation models
with a concave potential, such as the Starobinsky infla-
tion model, brane inflation model, hilltop inflation model
[19, 38, 39] and so on, are preferred.
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